Our goal is to give a very simple, effective and intuitive algorithm for the solution of initial value problem of ODEs of 1st and arbitrary higher order with general i.e. constant, variable or nonlinear coefficients and the systems of these ordinary differential equations. We find an expansion of the differential equation/function to get an infinite series containing iterated integrals evaluated solely at initial values of the dependent variables in the ordinary differential equation. Our series represents the true series expansion of the closed form solution of the ordinary differential equation. The method can also be used easily for general 2nd and higher order ordinary differential equations. We explain with examples the steps to solution of initial value problems of 1st order ordinary differential equations and later follow with more examples for linear and nonlinear 2nd order and third order ODEs. We have given mathematica code for the solution of nth order ordinary differential equations and show with examples how to use the general code on 1 st , 2 nd and third order ordinary differential equations. We also give mathematica code for the solution of systems of a large number of general ordinary differential equations each of arbitrary order. We give an example showing the ease with which our method calculates the solution of system of three non-linear second order ordinary differential equations.
Introduction to the Method of Iterated Integrals
Method of iterated integrals is a technique to evaluate integrals of functions that depend on several dependent variables and one (or possibly more) independent variable. Usually such integrals are very difficult to solve since they require complete knowledge of simultaneous evolution of the dependent variables with respect to the independent variable. We try to make the evaluations of these integrals simpler by expanding the integral in the form of an infinite series where we need only initial values of the dependent variables in the series to evaluate the integral. Thus we are saved from having to determine the future evolution of the dependent variables while evaluating the integrals of complicated functions. We suppose that dependence structure that defines the relationship between the dependent variables and the independent variables is given to us usually in the form of an ordinary differential equation. When the solution of the ordinary differential equation can be written in the form of an integral, we can use the method of iterated integrals to evaluate the solution integral in order to solve the very ordinary differential equation defining the relationship between the dependent variables and the independent variable.
In the method of iterated integrals we rely on a trick of writing the integrand function as a sum of two terms, in the first one of which the dependent variables in the original integrand function are evaluated at initial values of the dependent variables and the second term (which is an integral) integrates the evolution of derivatives of the original integrand function with respect to dependent variables along the independent variable. So we have the first term which can readily be calculated since it depends solely on the initial values of the dependent variables and a second term that is an integral depending on the future evolution of the dependent variable and its derivatives. We apply this trick again to the integrand function inside the integral in the second term and convert it again, just like in the first step into two terms the first one which is evaluated at initial values of the dependent variables and the second one integrating the evolution of the derivatives. Repeated applications of this trick convert the second term inside the integral in each previous step into terms depending solely on integrals calculated at initial values of the dependent variables and we get an infinite series of the terms containing iterated integrals evaluated solely at initial values of the dependent variables.
To start the discussion, we try to find the solution to General initial value problem associated with first order Ordinary Differential Equations given as
Integrating Equation (1), we get the formal solution to the initial value problem as
If only we could exactly solve the formal integral in equation (2), we would find our desired solution. Obviously , ( ) cannot in general be directly and analytically integrated in the above integral. In what follows, we will try to solve this formal solution integral in equation (2) using the method of iterated integrals.
However we can write integrand function in the formal integral in equation (2) as another function of initial value of dependent variable(s) ( ) = ( ) and a second formal integral that integrates the derivative of the integrand function in equation (2) with respect to dependent variable ( ) along the evolution of the independent variable so that sum of both terms is equated with integrand function in formal integral in equation (2). We can for example write as
We have used equation (1) with equation (3) to get equation (4).
The above equation (3) is a special case analogue (where one dependent variable depends on another independent variable) of the following equation from the function of two variables that can very easily be proven.
As an aside, we see wide applications of equation (3) and equation (3A) in solution of many difficult problems in mathematics and its applications. Equation (2) can now be written after substituting equation (4) in it as
In Equation (5), we notice that first order integral in second term could mostly be easily evaluated since all instances of the dependent variable are evaluated at initial time = . The second order integral in third term has to be taken in formal sense as this integral depends upon future evolution of the dependent variable and its derivatives and this second order integral could not, in general, be easily evaluated.
However the term inside the second order formal integral in equation (5) 
Substituting Equation(6) in the second order formal integral in equation (5), we can write as
In the equation (7), the first order and second order integrals can easily be evaluated at initial values ( ) while the third integral has to be taken in the formal sense and we can continue to expand these integrals in a series of iterated integral terms evaluated at initial values of the dependent variables ( ) = ( ) Equation (7) is a formal solution to Equation (1) while equation (5) and equation (2) are also formal solutions to the equation (1) . The formal solution in equation (2) is very difficult to evaluate as such. However the first term in the formal solution in equation (5) can easily be calculated as the dependent variable is evaluated at its initial value while the last integral has to be taken in the formal sense and would be difficult to evaluate. Again the first two terms in the formal solution in Equation (7) can be easily evaluated as the dependent variable there is calculated at y(t0) and the last third term has to be considered in the formal sense. We can find infinite number of formal solutions equivalent to Equation(2) and equivalent to each other where n number of terms (n is an arbitrary positive integer) have been evaluated at ( ) and final n+1 th term has to be understood in formal sense and could not easily be evaluated in general.
We hope to choose a formal solution in which enough number of terms have been evaluated at y(t0) so that the last term which is considered in formal sense and cannot be evaluated has negligible value. Of course, like many other series, this may always not be the case.
It is interesting to notice intuitively how the upper limits of the inside integrals go to time in each outer integral so as the higher indirect derivative in inner integrals make a contribution to lower indirect derivatives only till running time in successive outer integral.
Solution to First Order ODEs
We find the solution to General first order Ordinary Differential Equations given as
We suppose that function f in the equation above is sufficiently well behaved and satisfies the usual regularity conditions. Integrating Equation (8), we get the formal solution of the ordinary differential equation as
Following the earlier discussion in section (1) and the equation (7), we write the first four terms of the solution as a series in the Equation (10) below. The first three terms in the series are evaluated at initial values of the dependent variable ( ) = ( ), while the last term is an integral containing forward values with respect to the dependent variable and can similarly be expanded to arbitrary order in the form of terms containing only the initial values of the dependent variable. When integrating these iterated integrals, we have to be careful because independent variable in the integrals changes in each of the iterated integrals when the first derivative of the Ordinary differential equation with respect to the dependent variable ( ) has explicit dependence on the independent variable.
+ higher order terms
Equation (10) We can continue to expand the above equation to any higher order containing terms depending on initial values of the dependent variable.
When the first order ordinary differential function , ( ) has no explicit dependence on t, we can write equation (10) above as
Equation (11) Since all coefficients in the first three terms are evaluated at ( ) = ( ), we can write the simple solution to Equations (7) and (8) expanded as
Equation (12) Example 1.
Use Equation (11) to solve the initial value problem = ( ) = , = 0, ( ) = Equation (13) Evaluating second term on RHS in equation (12) having one integral
Evaluating third term on RHS in equation (12) having two iterated integrals
Evaluating fourth term on RHS in equation (12) having three iterated integrals
Putting these coefficients in equation (12), we get the expansion for exponential function multiplied by the initial values for the first three terms as
Solve the initial value problem
Evaluating second term on RHS in equation (12) having one integral
Evaluating third term on RHS in equation (12) having two integral
Evaluating fourth term on RHS in equation (12) having three integral
Evaluating fifth term on RHS in equation (12) Putting these coefficients in Equation (12), we get the expansion for integral of differential function and the first five terms are given as
We can recognize a simpler problem whose solution is known if we recast the initial value problem as
We can recognize that
Resulting in solution ( ) = tan( ) = + + + ⋯ Which can be verified by substituting = 0 in Equation (14A).
Example 3
= , = 0 Equation (15) Using Equation (16), we calculate the values of coefficients in terms of initial values.
Evaluating the first term in equation (10) having one integral
Evaluating the second term in equation (10) having two iterated integrals
Evaluating the Third term in equation (10) having three iterated integrals
Evaluating the fourth term in continuation of equation (10) having four iterated integrals
So we calculate the first few terms of the solution as
Where the analytic solution is known to be
We can see that our series solution we found is indeed Taylor expansion of the closed form solution above.
Mathematica Program for Symbolic Computing of the Solution of First Order Ordinary Differential Equations.
Here we give the mathematica code for a general nth order ordinary differential equation and show it in a few examples how to use it for symbolic solution of 1 st order ordinary differential equations. We write the mathematica notebook commands in the serial order.
Example 4:
We solve the following initial value problem using mathematica code
Equation (16) 17.
Here is the Output of the program which completely agrees with the series expansion of the closed form solution of equation (16) In command 4, we specify the ODE to solve. In our case this is ODE in Equation().
In command 5, we define the array of n initial values for the nth order ODE.
In command 6, we specify the numerical initial values of the array defined in previous command 5. In command 7, we specify the number of iterated integral terms to include in the series solution to the nth order ODE. In commands 8 and 9, we assign initial values to the solution variable. In commands 10 to 13, we define the array variables for symbolic computations in the following loops. In commands 14 and 15, we find the terms inside the integrals before integration is carried out. In command 16, we assign numerical initial values to the integrands for various iterated integral terms calculated in command 15.
In command 17, we carry out the integrations and continue to add the results of each iterated integral term to the solution variable Y.
In command 18, we simplify and arrange the solution in ascending powers of independent variable t.
Solution to Second Order ODEs
We find the solution to General second order Ordinary Differential Equations given as
Equation (17) We suppose that function f in the equation above is sufficiently well behaved and satisfies the usual regularity conditions.
Integrating Equation (18), we get the formal solution
Equation (18) The differential function in the second order ODE takes three arguments in general. We evaluate the dependent variables in the original integrand function in Equation (18) at initial values of the dependent variables and add more (integral) terms that integrate the evolution of derivatives of the original integrand function with respect to dependent variables along the independent variable so that sum of all the terms equates with the integrand in equation (18) . We expand the integrand function in equation (18) as
We repeat the above expansion trick on the integrands of both integrals on the right hand side of equation (19) . Expanding the first term, we get
Equation (20) last of the formal first order integrals in equation (19) can further be expanded as
We substitute equations (20) and (21) in equation (19) and later substitute equation (19) in equation (18) to get the new equation as
Equation (22) Substituting initial values and also expanding one level further, we get the expression 
Example 5
Consider the 2 nd order initial value problem given as
Equation (24) Evaluating the second order iterated integral term in equation (23) having two iterated integrals
Evaluating the third order iterated integral term in equation (23) having three iterated integrals
Evaluating the fourth order iterated integral term in equation (23) having four iterated integrals
We now get the solution as
Example 6
Equation (25) From the general solution expansion given in Equation (23), we calculate the coefficients of the first few terms as
Evaluating the fifth order iterated integral term in equation (23) By continuing the expansion for another two terms, we can verify the next term in expansion as
And we get the first significant terms of the solution as
Mathematica Program for Symbolic Computing of the Solution of Second Order Ordinary Differential Equations.
Here we give the mathematica code for a general nth order ordinary differential equation and use it in examples for symbolic solution of 2nd order ordinary differential equations. We write the mathematica notebook commands in the serial order.
Example 7
We consider the 2 nd order initial value problem of Poisson-Boltzmann Ordinary
Differential Equation given as
Equation (26) Before we proceed towards application of method of iterated integrals, we have to transform the equation into suitable form. We multiply both sides of the equation by and use the transformation = to get the new ODE suitable for application of our method. The transformed ODE is given as
The initial limits = 0 for independent variable change to = −∞.
Equation (27) We have used the following mathematica code to solve the transformed Ordinary differential equation.
The code format used to solve the above transformed equation (27) is exactly the same as we used for the solution of first order ordinary differential equation in example 4. Since the general code is the same, we will only comment on the differences between the code in example 4 and example 7 here. In command 2, n =2 for 2 nd order ordinary differential equations. Command 4 that specifies the ODE is of course unique to each ODE and takes input from transformed equation (27) above. Commands 6 and 7 are different since they specify the unique initial values. Rest of the program is the same but in command 18, we have specified lower integration limit to -∞ as in our transformed problem and later we replaced the transformed variable back to log(x) in the same command 18. 
Example 8
Consider the 2nd order initial value problem of Ordinary Differential Equation given as
Equation (28) We have used the following mathematica code to solve the above non-linear Ordinary differential equation. Using Mathematica, we expand each of the exponentials in the body of above solution expression as their own series in t and then simplify to get the answer as We recognize the first nine terms as the expansion of which is the solution of the above differential equation with given initial values. The three highest order terms would also change to exponential series solution if we increased the order of expansion but, as always with the series, we would have to be careful with some of the highest order terms since they could change further when the expansion order would increase.
Solution to nth Order Ordinary Differential Equations
The solution to nth order ordinary differential equations is very simple and follows intuitive from our approach to the solution of second order differential equations. Exactly following the logic for the solution of second order ODEs, we write the integral equation of Nth derivative. Here all derivatives of order less than Order N present in the integral equation would be dependent variables.
Mathematica Program for Symbolic Computing of the Solution of Third Order Ordinary Differential Equations.
Here is the initial value problem for the third order ordinary differential equation where we use our general n-order ordinary differential equation solution code.
Example 9
The IVP is stated as
Equation (29) Here is the mathematica code in text format following which the solution is given.
The first ten terms of the solution are given as
Example 10
The non-linear IVP is stated as
Here is the mathematica code for the solution of initial value problem in equation (29) in text format following which the solution is given.
Solution to System of Differential Equations using the method of Iterated Integrals
Let us write the problem of a system of two first order differential equations with initial conditions. Here we do not present any theoretical considerations regarding existence of solutions, stability of the system or any other theoretical considerations. We merely try to present a problem that can solve large non-linear systems that are sufficiently well-behaved. Let us consider a system of two first order equations given below.
Just following the logic of the method of iterated integrals as given for the first and second order ODEs, I will write the first few iterated integrals terms of the solution to each dependent variable in the system of two first order differential equations. Since in general each variable in the system of two first order equations depends upon both variables in the system, we have to differentiate each of the differential equations with respect to both variables and then convert everything into derivative with respect to independent variable using both differential equations posed in the problem while evaluating each dependent variable in the solution of iterated integrals conveniently at its initial value.
+ higher order terms
+ higherOrderIntegralterms
Equation (31) Systems of large number of equations and systems of higher order differential equations can also be very easily solved by simple algorithms using symbolic computing as we give a general program for the solution of systems of m equations each having their own order of the highest derivative.
Mathematica Program for Symbolic Computing of the Solution of Systems of Arbitrary Order Ordinary Differential Equations.
Let us try to solve a system of three second order non-linear ordinary differential equations using our very general mathematica code. The system of ordinary differential equations is given as Example 11 Equations (33) Here is the mathematica code for systems of ordinary differential equations of arbitrary order in text. In commands 22 to 24, we define the array variables for symbolic computations in the following loops. In command 25, we define the array that would be used as a variable of integration changing in each loop. This array of variables of integration represents the variable of integration used in the integration with respect to independent variable in the ordinary differential equations. In command 26, we assign first iterated integral towards the computation of the solution of each equation in the system (of order m). In command 27, we calculate the integrand for (iterated integrations to be done later) each of the iterated integrals term one by one. In command 28, we assign numerical initial values to dependent variables in the integrands for various iterated integral terms calculated in command 27. In command 29, we do the iterated integrations for the solution of each iterated integrals term.
For
In command 30, we simplify the solution and arrange it in ascending powers of the independent variable.
